Abstract: The Eigenstate Thermalization Hypothesis (ETH) provides a way to understand how an isolated quantum mechanical system can be approximated by a thermal density matrix. We find a class of operators in (1+1)-d conformal field theories, consisting of quasi-primaries of the identity module, which satisfy the hypothesis only at the leading order in large central charge. In the context of subsystem ETH, this plays a role in the deviation of the reduced density matrices, corresponding to a finite energy density eigenstate from its hypothesized thermal approximation. The universal deviation in terms of the square of the trace-square distance goes as the 8th power of the subsystem fraction and is suppressed by powers of inverse central charge (c). Furthermore, the non-universal deviations from subsystem ETH are found to be proportional to the heavy-light-heavy structure constants which are typically exponentially suppressed in h/c, where h is the conformal scaling dimension of the finite energy density state. We also examine the effects of the leading finite size corrections.
Introduction and summary of results
From cold atoms to quantum gravity, the question of how an isolated and interacting system reaches thermal equilibrium under unitary time evolution, is of central importance in quantum statistical mechanics. A sharper notion of thermalization arises from considering subsystems (say, A). If the subsystem thermalizes, the rest of the system (forĀ sufficiently large) serves as heat bath or a reservoir which enables the subsystem to equilibrate. In other words, the reduced density matrix, ρ A (t) approaches the thermal reduced density matrix ρ β A at late times. Moreover, this expectation of thermalization comes the observation that, a typical finite energy density state, after being evolved for a sufficiently long time gives prediction according to the rules of equilibrium statistical mechanics.
The eigenstate thermalization hypothesis (ETH) makes this precise by positing that thermalization holds for every individual energy eigenstate |ψ of the Hamiltonian [1] [2] [3] [4] [5] . When the initial state is an energy eigenstate, the unitary time evolution is trivial, ρ(t) = ρ(0) = |ψ ψ|. This implies that if a system thermalizes (for all choices of the initial state), all eigenstates of the Hamiltonian are thermal. As a consequence, the expectation values of operators evaluated at thermal equilibrium should equal those evaluated in the eigenstate, ψ.
Tr (e −βH ) ,
In the above equation, which we call the global ETH condition for operator O, the inverse temperature β is chosen by fixing the energy eigenvalue, ψ|H|ψ = E ψ = H β . In terms of the reduced density matrix ρ 
Clearly if all local and non-local operators in region A satisfy (1) then the above equation implies that ρ ψ A = ρ β A , which is called the subsystem ETH. If the subsystem ETH is true, the entanglement entropies of the reduced density matrices should also be the same. A large number of verifications of the hypothesis, involving the numerical extraction of eigenstates by exact diagonalization, has been carried out in various lattice models [3, [6] [7] [8] [9] . It has also been proved for quantum systems having a classical chaotic limit [2, 10] . A natural diagnostic to quantify the equivalence of the reduced density matrices is to define a notion of distance. Two useful distance functions are the trace two norm || · || 2 and trace one norm || · || 1 defined as,
where λ i are eigenvalues of G. In the present scenario, we are interested in G = ρ ψ A − ρ th A . The two-norm or the trace-square distance (TSD) shall play a central role in this paper. Distances of the above kind also serve as suitable order parameters (in the space of theories/initial-states) to detect transitions between thermalization and many-body localized phase [5] .
It has been recently shown in [7] that if ETH holds good, then it allows one to use a single eigenstate to extract properties of the Hamiltonian at arbitrary temperatures.
1. It is conjectured and supported by numerical evidence in [7] that (2) holds true for all operators only as long as V A /V 1; here V A is the volume of subsystem A and V is the total volume. 1 Hence, subsystem ETH holds true only in this limit. This is equivalent to the statement that subsystem ETH, ρ ψ A = ρ β A is true for V A /V → 0. The reason why this fails for finite V A /V is because there are some operators for which eq. (1) is not true. One common example is the energy variance operator, (H A − H A ) 2 .
2. More precisely, [7] also conjectures that for V A /V > 0 the set of operators spanned by H n A for n > 1 do not satisfy the ETH relation (2) . Here H A is the Hamiltonian restricted to the subsystem A.
3. For the one norm, numerics in [7] for the 1 + 1 dimensional quantum spin 1/2 model with both longitudinal and transverse field turned on, suggest that there is a scaling of this distance with the subsystem fraction. In the regime the subsystem size ( ) is much smaller than the system size (L) and β smaller than all scales, then the trace norm distance tends to zero at least linearly with 1/L. Nonetheless, there is no analytical evidence of what this scaling behavior should be.
An interesting arena to explore the intricacies of ETH and the related conjectures above is that of 2D conformal field theories. Besides describing the critical point of statistical systems and being duals to 3D gravity, 2D CFTs are tractable analytically owing to the infinite dimensional Virasoro symmetry. For generic states in the CFT, the equilibrium ensemble is the Generalized Gibbs Ensemble (GGE) [11] . However for small subsystems, and for finite energy density states we shall find the Gibbs Ensemble to be a good approximant. We provide analytical support for conjectures 1 and 2 for 2D CFTs, within the regime of validity of our calculations. We also derive scaling of the trace-square distance (3) with /L that lends analytic support to the observed scaling of the one-norm 3.
Subsystem ETH in 2D CFTs
Recently it has been shown in [12] that the subsystem ETH is related to the a local form of ETH which states off-diagonal matrix elements of energy eigenstates are entropically suppressed. Moreover, for CFTs another measure for equivalence for density matrices, is
. This has been utilized in the context of sudden quantum critical quenches in [13] , and generalized to the case of CFTs with additional conserved charges in [14] . However, in this case the initial finite energy density state is not an eigenstate, but rather approximated by the conformal boundary state, upto irrelevant perturbations. Studies on entanglement entropy and conformal blocks, revealing thermal aspects of CFT heavy states, can also be found in [15] [16] [17] [18] [19] [20] [21] [22] .
Our working model is that of a 1+1-dimensional CFT on a circle (of circumference L) by considering a finite energy density eigenstate, |ψ . We shall calculate the square of the trace square distance, T = ||ρ
2 in the regime of short subsystem sizes, β L (this includes the case with small but finite subsystem fraction). The CFT eigenstates |ψ which we consider are created by insertion of a heavy scalar primary of conformal dimension h 1, at Euclidean time τ = −∞ of the cylinder. It has been shown that, at large central charge, the entanglement entropy matches with the thermal entanglement entropy [16] . However, the higher Renyi entropies do not agree at arbitrary values of the central charge. This indicates that subsystem ETH is, generically, not satisfied for CFT. Upon explicitly calculating the TSD, we find a number of features which are summarized below.
Summary of results
In the thermodynamic limit, we show a version of the conjecture 2 for quasi-primaries of the conformal family of the identity of level 2n for n > 1 for finite c. The leading deviation from the global ETH condition (1) comes from the quasi-primary containing the term :T n :. This deviation goes as 1/c. Therefore, for large central charge ETH holds for these operators. For the sake of clarity, we must mention, here we are dealing with a double scaling limit, first we take the thermodynamic limit and let L → ∞, which makes h ∼ L 2 1 and then we take large central charge limit. For primary operators O and its descendants the deviation is typically zero in this limit.
The trace square distance, T , is computed in the short interval expansion i.e., orderby-order in powers of /L. The interval size is much smaller than all length scales in problem. We find that that the leading behaviour is ( /L) γ in the /L → 0 limit. This confirms conjecture 1. For a CFT with no light scalar primaries of dimension ∆ φ < 4, we have γ = 8. This is a universal feature and comes from the quasi-primary of the identity module at level 4. When the lightest primary φ is such that ∆ φ < 4, we have γ = 2∆ φ .
As a main result of our paper, we find that the trace square distance can be written as
Here, the sum is over all quasi-primaries (Θ, Θ ). The factors in the two parentheses are precisely the deviations from global ETH, for the operators Θ and Θ . 2 Here, C Θ,Θ is determined by using the orthogonality of the quasi-primaries on the plane. Thus we see that the ETH deviations of Θ, Θ have a direct contribution to the trace square distance! Next we look separately at the universal and non-universal contributions to T . In the limit, L → ∞, with h ∼ L 2 and next taking c large we find at the leading order,
In writingT , we have normalized T by the second Renyi entropy of the CFT vacuum on a plane to remove UV divergences. Here, α n , α φ are numbers independent of h and c. In the above equation, the contribution toT univ is from quasi-primary operators, in the identity module from levels n ≥ 4, which contain, :T n :. We see in the large c limit, these are suppressed by 1/c 2 . Away from the large c limit, this particular class of universal operators violate the global ETH (1) and hence by (4) directly contributes to T . The behavior of the non-universal piece is typically exponentially suppressed. Here ∆ χ is the smallest dimension among the operators with non-vanishing expectation value c χφχ .
Our calculations are done in the thermodynamic limit, ignoring finite size effects. Conformal symmetry fixes the leading finite size corrections. Taking this into account we shall see that the relationship between β and h gets exponentially small corrections. However, for the trace square distance, T , these finite size corrections to β are super-exponentially suppressed. There are also more direct exponentially small finite size corrections to Θ thermal which go as powers of e −L/β ∼ e − √ h/c . These do not change the behaviors of (5) above.
This paper is organized as follows. In §2, we describe our set-up and elucidate on the validity of ETH at large central charge. We compute the trace two norm squared order by order in powers of subsystem size, explicitly evaluating universal contributions coming from the identity module as well as non-universal ones from the primary operators in §3. In §4, we evaluate the deviation from ETH for both the universal and the non-universal sectors discussing the finite size effects. We conclude in §5 with discussions and future avenues. Some details of the calculations are presented to the appendices A and B. As a by-product, we also present the second Renyi entropy for the finite energy density eigenstate till quartic order in subsystem fraction in appendix C.
Testing ETH for operators in CFT 2
We work with a CFT on a circle of circumference L. The conformal transformation,
w , maps the cylinder onto the plane. Here w = x + iτ is the euclidean coordinate on the cylinder, while z is the coordinate on the plane. We can use the map to create a spinless homogenous energy eigenstate, by inserting a local primary ψ of conformal weight (h, h) at (z =z = 0) on the plane as considered in [16, 23] . In terms of the coordinates on the cylinder, the primary is located at τ = −∞. Using the state-operator correspondence the eigenstate is given by
while its dagger is, ψ| = lim
This ensures that the states are properly normalized i.e. ψ|ψ = 1. The energy density goes as 2h L 2 . An eigenstate with finite energy density is obtained by considering a primary operator ψ such that h goes as L 2 . In thermodynamic limit, L is very large. We are therefore interested in the 'heavy' limit h 1.
Relating β to the conformal weight
The statement of global ETH (1) approximates the energy eigenstate 3 described by the density matrix ρ ψ = |ψ ψ| by a canonical ensemble described by the thermal density ma-
Here the inverse temperature β is determined by setting the expectation value of the energy density to be equal, i.e.,
The solution to the above is
It is to be noted that for large h, β h above is equal to the classical saddle value of inverse temperature appearing in the Cardy formula [24] . It provides an alternative way to derive the Cardy formula for the density of states, if we use the thermodynamic relation ∂S ∂E L = β h , as already noted in [17] . Since finite energy density states require h 1 this implies that β h /L → 0, which is consistent with working in the high temperature approximation.
Global ETH at large central charge
In this subsection, we consider quasi-primaries and compare their expectation values in the thermal state and in the eigenstate ψ. The commutation relation of a quasi-primary (Θ) with the modes of the stress-tensor is
where h Θ is the conformal weight of Θ. The zero modes, Θ 0 , therefore commute with L 0 and hence with the Hamiltonian. The quasi-primaries, therefore, form good observables to test eigenstate thermalization. Furthermore, these play a crucial role in our analysis of subsystem ETH in §3. Let us first focus on the quasi-primaries in the conformal family of the identity, which is universal for all CFTs. Among the level 2n quasi primaries, we call B n , the ones which contains the term :T n :. Explicitly the first few operators of this kind are given by,
The leading behaviour of ψ|B n |ψ cylinder as L → ∞ comes from the piece :T n : in B n . This is easy to verify, using the recursive Ward identity for stress tensor insertions on plane
It can be easily seen that the insertion of M stress tensors in the correlator leads to a term having h M . In the h 1 limit, the domiant piece is
Clearly, in terms of the Laurent modes of the stress tensor, m L m /z m+2 , the above contribution is purely from the term containing the zero modes, ψ|(L 0 ) M |ψ . All the other terms in B n come with lower powers of h. Taking the limit of co-incident points for stress tensors and conformal transforming to the cylinder, leads to
Since h scales as L 2 in the thermodynamic limit, the terms containing lower powers of h and the terms coming from the Schwarzian goes to zero as L −α with α > 0.
On the other hand, B n thermal is given by a n β 2n , where a n represents the constant anomalous piece. For example,
At leading order in central charge 4 , the term with c n dominates for a n and a 2 ∼ = (a 1 ) 2 and
In general, it can be seen that, for quasi-primaries of the form B n ∼ :T n :, we have
This is generically true because of the transformation property of the stress tensor under conformal transformations
While going from the plane to the thermal cylinder, the expectation value of the normalordered product of n stress tensors, at large central charge, is dominated by nth power of anomalous piece involving the Schwarzian derivative (s). Note that for the conformal map from the plane to the thermal cylinder, s is a constant. Therefore, in large h limit, (with β = β h ≈ L(c/24h) 1/2 from (9)), we have,
For n = 1, the expression above is exactly 0, since this is the defining relation for β h . For n ≥ 2, owing to behaviour of a n at large central charge (14), we have
These operators which violate global ETH (1) for finite c, are related to energy conservation. In particular the violation is due to the O(c −1 ) deviations of B n thermal from B 1 n thermal . In thermodynamic limit as L → ∞ and h ∼ L 2 , we have ψ|B n |ψ cylinder − ψ|B 1 |ψ n cylinder = 0. If we define,
then for the operators, B n we have,
For n = 2 the above reduces to a version of the energy density variance considered in [7] . In general for n ≥ 2, z∈A dzB n (z) plays the analogue role of H n A in conjecture 2.
The identity module also contains other quasi-primaries, B
k/2 at positive integer levels
k/2 |ψ cylinder vanishes in large L limit since it goes like h l /L k with l < k/2 . Moreover, in that scenario, a k/2 contains p stress tensors, with p < k/2 and derivatives to make up the dimensions. The derivatives acting on c p s p gives zero as s is a constant. It can then be easily seen that the leading term in the large c limit will be given by, c p−1 . This implies
k/2 thermal goes to 0 in large c limit as 1/c m with m ≥ 2. Therefore we have shown that all the quasi-primaries in the identity block satisfy global ETH in the large central charge limit. Note that there is a specific order in which limits are being taken here : the large h approximation is used first and then that of large c.
Global ETH is also violated by non-vacuum primaries (and hence their descendants) for finite L. However, as we shall see later, in the thermodynamic limit, L → ∞, these are typically exponentially suppressed unlike that for B n≥2 , B (j) k/2≥3 .
Trace square distance in the short interval expansion
Setting up the short interval expansion As a diagnostic of subsystem ETH, we shall consider the square of the trace two norm distance,
5 There can be more than one quasi-primary at level k, indexed by j. Quasi-primaries of this kind appear from level 6 onwards. The generating function for the number of quasi-primaries at each level is
here χvac is the vacuum character given by q In the path integral formalism, each of the terms appearing above admits a representation in terms of partition functions of the CFT of two Riemann surfaces glued along the cut defined by the subsystem A. This is depicted in Fig. 1 . For the first two terms, the two surfaces are identical. The first term is a path-integral in a spatial cylinder (R × S 1 L ) joined to another copy, whilst the second one is a torus (T 2 with modular parameter τ = iβ/L) joined to another copy. The last term, which is cross-term involving ρ 
Since we are interested in reduced density matrix corresponding to energy eigenstate |ψ , there are operator insertions on the cylinders. In the high temperature regime, the manifold corresponding to the third term becomes a spatial cylinder joined to a thermal cylinder i.e., a cylinder with compactified Euclidean time. This is the approximation T 2 ∼ = R × S 1 β , when finite-size corrections (arising from the q-expansion) are ignored.
The standard way to compute correlators on multiply connected Riemann surfaces such as the terms appearing in (19) is via correlation functions of twist fields [25, 26] . This method is straightforward when each of the Riemann sheets correspond to genus-0 surfaces. Such terms were calculated using the twist correlator in [23] who computed T between primary eigenstates ψ, φ. The cross-terms of the kind in (20) also appeared in the context of studying thermalization in critical quantum quenches an infinite strip attached to a torus [13, 14] . This is calculated using the method of short interval expansion in the high temperature regime which we shall also deploy here. This technique was introduced in the context of Renyi entropies of disjoint intervals in 2d CFTs in [27] .
The short interval expansion is an expansion in powers of ratio of subsystem size to any other relevant length scale of the CFT, for example total system size L and/or inverse temperature β. If the size of the subsystem is small enough, this allows us to implement cutting and sewing of the original path integral over the two sheeted manifold in terms of path integral over one sheeted manifold [28] [29] [30] (see in particular §(3.6) of [28] and references therein).
The cuts, defined by disks surrounding the subsystem A, creates a complete set of orthogonal states on each of the sheets. The individual sheets are then sewn along the cuts. This is performed by inserting a complete set of states, which match the boundary conditions at the two cuts. This amounts to inserting
where, the complete set, {φ k }, consists of the quasi-primaries of the CFT 6 . Therefore, the short interval expansion is effectively a sum over the the complete set of quasi-primaries. The coefficients C k 1 ,k 2 are given by
Here, Z n is the partition function of the n-sheeted plane. The coefficients are symmetric under k 1 and k 2 exchange. We provide further details in Appendix B. The partition functions of interest, equation (20), can then be rewritten as
The short interval expansion for Z R×S 1 L ,T 2 is depicted in Figure 2 . The trace square distance now takes the following form
The coefficients C k 1 ,k 2 , (22), has the right powers of the subsystem size, which make each term in the sum dimensionless. The location of φ k 's are at the centre of the interval [0, l] in each geometry i.e., at (w,w)
Note that the trace in the two norm distance (24) contains information about the deviations from global ETH. The corrections to (1) appears naturally for the local operators 6 This may seem like a sneaky assumption. However, the contribution from the non-quasi-primaries can be shown to be sub-dominant in the thermodynamic limit. For example, ∂T β = 0 due to the transformation rules of ∂T and
A small disk of radius of (corresponding to the subsystem A) is cut, subsequently the sewing is performed by inserting a complete set of states i.e |I φ k 1 and φ k 2 . Defining the deviation for a general operator O as
we can rewrite the trace square distance as
Limits and the regime of validity of our analysis
As mentioned earlier, the short interval expansion is a good approximation when the extension of size of the interval, is smaller than all other length scales, (L and β). Furthermore, as noted earlier to have finite energy density (E ∼ h/L 2 ) eigenstates we require h 1. This implies, β/L ∼ c/24h is small. This is the high temperature regime with l β L. In this regime the leading contribution to the torus one point function comes from the cylinder (of circumference β) and has exponentially suppressed finite-size corrections. In terms of dimensionless ratios, r = /L, s = L/β, we are calculating perturbatively in the subsystem fraction, r. The finite-size corrections to our calculation goes like e −s .
In what follows, we shall keep the central charge fixed, and our results are valid for any value of c. However, we shall also investigate the 'holographic' regime, where c is large.
Evaluating T
At this point we may separate out the contribution of the quasi-primaries corresponding to the identity block which is universal for all CFTs. Ignoring the exponentially suppressed finite-size corrections the first few deviations A O read, (see §A for details),
where T is the holomorphic part of the stress-tensor and Ω =:TT :, Λ =:T T : − 3 10 ∂ 2 T are the quasi-primaries at level 4 7 . For the anti-holomorphic pieces, the expressions for AT and AΛ stay the same with h replaced byh. Some of the coefficients are derived and listed in §B.
Grouping the contributions of the trace square distance T , given in (26) , from the vacuum module, we have an expansion in the subsystem fraction, r(= /L) B are holomorphic quasi-primaries at level 6. The first three terms and the next six in (30) go as r 4 and r 6 respectively. The last fourteen terms behave as r 8 . The . . . are terms with higher even powers of r and are thus suppressed in r → 0 limit. Using (27) , (28) , (29) and (64) we can write down the explicit form of the universal answer. Note that in the case of the spinless eigenstate the r 4 and r 6 terms are proportional to A T .
The theory dependent contributions to the trace square distance come from the set of primaries (φ ∆,s ) and their descendants which are of the form
contributing to T has the behaviours (ignoring finite-size corrections)
This shows that the non-universal piece is also a perturbative series in r, with a general term behaving like r 2(∆ O +N +M ) . Explicitly for the primary φ with conformal dimension ∆ φ and spin s φ we have,
All descendants, O ∆ φ ,s φ ,N φ ,M φ of φ will also have the three point coefficient c ψφψ in the corresponding A O .
Deviations from subsystem ETH
In this section, we examine the deviation of the trace square distance from zero for spinless finite energy density eigenstates. To begin with, we shall ignore finite size effects. Subsequently, we shall consider them and show how it affects the trace distance.
The thermodynamic limit
The thermal density matrix, that seems to approximate the spinless eigenstate with the finite energy density, is at inverse temperature β h (9). As can be already seen from the structure of the universal terms (30) , this forces the coefficient of the r 4 , r 6 terms to zero. At β = β h the leading non-universal terms also have a specific decay.
Universal part
For the universal contribution (30) at β = β h , the leading contribution comes from the r 8 term,T
. (32) we have normalized the square of the trace two norm by the second Renyi entropy of the CFT vacuum on the plane denoted by S vac
, where is the UV cut-off. This answer is valid for all values of c. Note that in the thermodynamic (large L) limit, only the h 4 term survives and the trace distance goes aŝ
In large c limit, this goes to zero aŝ
The contributions to the trace distance coming from all the quasi-primaries of identity block goes to 0 in large c limit, as evident from the argument presented in subsection §2.1.
Non-universal part
When the CFT has light operators φ with ∆ φ < 4, the leading behavior at β = β h comes from the non-universal sector which goes like r 2∆ φ . Recall from (31) that the leading nonuniversal pieces are proportional to the heavy-light-heavy three point coefficients, c ψφψ . Recently using modular covariance properties of torus one point functions, [31] estimated the typical three point coefficients of the type, c ψφψ resulting in a Cardy like formula valid for large h 8 . The estimate is in terms of c χψχ , ∆ χ = h χ +h χ where χ is the lightest operator with non-vanishing three-point coefficient. The form of the average heavy-lightheavy coefficient is constrained to be of the type,
where,
Here N φ is independent of h and the . . . in exponent go to zero as h → ∞. Now we multiply this with the inverse of the density of states (ρ(h) −1 ∼ e −S(h) ) appearing in (33) .
At this point we may use the Cardy formula 9 for the density of states to simplify the above formula further to,
We see that in the h c ∆ χ limit, the leading non-universal part of the squared TSD is,T
A caveat here is that since the three point coefficients are not positive definite, while the average heavy-light-heavy coefficients decay for h → ∞, there may be some c ψφψ which do not decay.
It is interesting to note that when ∆ χ = c/12, in the h → ∞ limit the non-universal contribution goes like ∼ r 2∆ φ c 2 χφχ e −4π √ c/6(h−c/24) . Using the Cardy formula for the density of states, we may identify this exponential entropic suppression as e −S .
Finite size effects
Throughout the above analysis we have ignored the finite size corrections which are present in the torus one point functions. However conformal symmetry constrains the finite size corrections to take a specific form. For instance for the finite size effects in the torus one point function for the stress tensor is given by (46) . If we take the leading correction into account then the equation that one needs to solve for β h gets modified to,
9 We use the Cardy formula along with the prefactor coming from integrations around saddle,
We can solve this perturbatively around
This gives the corrected value of β h ,
Note that the correction to β h is suppressed by 1 c e −8π √ 6hc in the limit h c 1. In the universal contribution to the trace distance squared, the leading term will again be ∝ r 8 but will contain corrections suppressed by powers of e − √ hc .
In the non-universal contribution to T , the one point function of a primary O on the torus also admits a e −L/β expansion and is proportional to the coefficient c χOχ where χ is the lowest primary with non-zero coefficient.
The . . . are contributions from other light primaries η with ∆ η > ∆ χ and hence are suppressed in the β h → 0 limit. The β h has finite size correction as given in (38) . Since the corrections in O T 2 are already suppressed exponentially for small β in (39), we can neglect the finite size corrections to β h itself. To proceed further, we assume that there is a gap above χ. Thus including leading finite size corrections, the non-universal part of the squared TSD goes as,
where in the last line above we approximated the heavy-light-heavy coefficient by its average value (35) . Once again φ is the lightest primary in the spectrum that has a non vanishing three point coefficient c ψφψ . χ is the lightest primary with non vanishing c χφχ . In terms of h and c this expression is,
Conclusions
In this work, we have tested eigenstate thermalization in the context of conformal field theories in two dimensions. In particular, we have focused on the sector which is universal to all 2d CFTs, i.e., the vacuum Virasoro module. For the class of eigenstates, which we have considered, our analysis yields that the quasiprimaries satisfy global ETH strictly in the large central charge limit, the deviations being suppressed in powers of 1/c.
We have also quantified the deviations from subsystem ETH by calculating the trace distance squared between the energy eigenstate and the related hypothesized thermal state, in the short interval expansion. The universal deviations appear at the order r 8 in the short interval expansion. Furthermore, these deviations are suppressed for large central charge. The leading non-universal deviations are dictated by the conformal dimension of the lightest operator in the CFT spectrum.
In hindsight, the deviation of ETH away from c → ∞ is not too surprising. The central charge serves a measure of the number of degrees of freedom which is indeed required to be large for eigenstate thermalization. Furthermore, as is well known, rational CFTs (typically at small values of central charge) are rendered integrable, owing to the KdV hierarchy present in each Verma module [32] [33] [34] . Hence, we do not expect ETH to hold good for RCFTs. Moreover, there is no known generalization of such integrable structure to be present at generic values of central charge and/or for irrational CFTs. In particular, pinning down the structure constants and spectra of generic CFTs is a difficult task and integrability in the sense of [32] does not help. 10 One can note, however, that if additional conserved quantities are present in the theory due to an enhancement of the chiral algebra, a suitably modified version of ETH formulated in terms of the generalized Gibbs ensemble is expected to hold true [14, 35, 36] .
These results at large central charge (once combined with some assumptions on the CFT spectrum) potentially provide sharp implications for holographic CFTs. Our findings show that that the finite energy density state mimics the thermal state (dual to the BTZ black hole in the bulk) to a good approximation, if 1/c corrections and finite-size effects are ignored. Furthermore, a holographic route to calculate the trace square distance would be to consider handlebody geometries (dual to glued Riemann surfaces in Fig. 1 ), which are orbifolds of AdS 3 by the Schottky group. This correspondence has been used to reproduce the Renyi entropies (including finite-size corrections) in [37] [38] [39] . Assuming ψ to be a heavy excited state, the gravity dual is given by a conical defect, wherein the mass of the conical defect is related to the conformal dimension of the heavy operator as m = 2 h(h − 1) ∼ = 2h
1. On the other hand, the thermal state is holographically described the BTZ black hole. Denoting Z i,j as the handlebody geometry which glues geometry i and geometry j along the subsystem, we are, therefore, led to the following schematic relations 10 We thank Christoph Keller and Tom Hartman for clarifications on this.
In addition to evaluating the classical Zograf-Takhtajan action for the handlebody geometries [37, 40] , it would also be of interest to evaluate the one-loop corrections to the same [38] . Note that in the thermodynamic limit, the global ETH deviations responsible for the leading universal subsystem ETH deviations are of the form, :T n : BTZ − T n BTZ . From the bulk this deviation can be obtained from correlators using the GKPW prescription in the BTZ black hole and the conical defect [41, 42] . Alternatively, one could generalize the analysis of [43] to the dual backgrounds to obtain the same.
It would be of potential interest to investigate the subsystem ETH in higher dimensional CFTs. One can hope to generalize the Cardy formula for structure constants [31] in higher dimensions using results from [44] . This can be utilized to find whether there is a similar suppression in contributions from light primaries for higher dimensional CFTs. We have also relied on the mean value of the structure constant to estimate the light primary contributions to TSD. Hence information about other statistical properties of c ψφψ will improve our estimations. Finally, our results are only valid for the small subsystem ratio and ideally one would like to find the trace two-norm for all subsystem fraction.
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A Calculations of A k
In this appendix we shall provide details for the calculation of the deviation (25) .
A T Under the map from the cylinder(w) to the plane(z), i.e, z = e −2πiw/L the holomorphic part of the stress tensor on the cylinder is given by,
On the plane, the following 3-point function is
-17 -And under the transformation taking the thermal cylinder (ω) to the plane, z = e 2πω/β , ignoring e −L/β corrections,
Using (43, 44) in the cylinder the correlator for the normalized state is,
= lim
If we include the e −L/β corrections, [45] in the high temperature regime
Putting together everything the equation for A T in equation (28) follows.
A Λ Under the map z → z(w) = e −2πiw/L from cylinder(w) to plane(z) the level 4 quasi-primary transforms as,
After taking our correlator to the plane, in addition to (44) if we use,
(48) then the equation for ψ|Λ(w = l/2)|ψ cyl in A Λ follows. Finally, ignoring e −L/β corrections, in the high temperature limit we note that in the one point function of Λ on the torus only the anomalous piece survives, i.e,
Putting things together, A Λ in (28) follows.
B Calculations of
In this appendix, we sketch out the derivation of the coefficients, C k 1 ,k 2 , appearing in the short interval expansion. Subsequently, we list out all the relevant coefficients, what we need for our calculation. Following [46] , we use following expression to evaluate C k 1 ,k 2 :
where n k 1 , n k 2 comes due to normalisation of φ k 's, to be precise, the following holds:
Here, z j is the coordinate on the jth sheet of a 2-sheeted manifold, where the operator φ k j gets inserted, Z 2 is partition function on a 2 sheeted plane, while Z 1 is the partition function on 1-sheeted plane. We also mention that the appearance of 2 is due to the fact that the entanglement cut is on (0, l) on the 2-sheeted Riemann manifold. The prefactor involving partition function is given by :
We list some of the other relevant coefficients calculated in the above way. 
C Second Renyi entropies and additional checks
Consider a 1+1d CFT living on a circle of circumference, L. The coefficients C k i ,k j calculated above can be applied to the short interval expansion of the Tr(ρ 2 A ), where ρ A is the reduced density corresponding to an entanglement cut extending from 0 to and time t = 0. This gives the exponential of the second Renyi entropy. In the case when the CFT is in a thermal state with inverse temperature β, in the high temperature regime, β/L → 0, the quantity, Tr(ρ β A ) 2 is exactly known as the two-point function of Z 2 twist fields. This is given by:
Consequently, the short interval expansion i.e expansion of the above, in powers of β , is given by Tr(ρ 
where, O ψ = ψ|O|ψ R×S 1 L and we have kept terms till quartic order in subsystem fraction.
Thus till this order, the second Renyi entropy is given by, S 2 = − log Tr(ρ 
